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Abstract
In this work, we derive an expression for the correction in the Newton’s law of gravitation due to the
gravitational Kaluza-Klein states in a general thick string-like braneworld scenario in six dimensions. In order
to analyze corrections to Newton’s law we study the gravity fluctuations in a 3-brane placed in a transverse
resolved conifold and use suitable numerical methods to attain the massive spectrum and the corresponding
eigenfunctions. Such braneworld model has a resolution parameter which removes the conical singularity.
The correction has an exponentially suppressed mass term and depends on the values of the eigenfunctions
and warp factors computed at the core peak of the brane. The spectrum is real and monotonically increased,
as desired. However, the resolution parameter must assume moderate values to have physically acceptable
states. Moreover, the trapped massless mode regains the 4D gravity and it is displaced from the origin,
sharing similar profile with the energy density of brane for small values of resolution parameter. Finally,
for the singular conifold, we found that a non-first eigenstate is a resonant mode. Such excited state is the
largest contributor to corrections in the Newtonian potential.
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I. INTRODUCTION
The braneworld hypothesis has changed the way we understand the Universe introducing the
idea that it may be thought as a hypersurface embedded in a higher dimensional bulk space-time.
The braneworld concept emerged from string theory [1] and unification models [2] and yields good
explanations to several fundamental phenomena in High Energy Physics such as the hierarchy
problem [3, 4], the dark matter origin [5], the small value of the cosmological constant [6] and the
cosmic acceleration [7].
The seminal papers of Lisa Randall and Raman Sundrum (RS) [3, 8] assume an Anti-de Sitter
spacetime (AdS5) through a warped product between a 3-brane and a single extra dimension. As
a result, the hierarchy problem can be explained by means of an exponential decreasing factor
between the Planck scale and the weak scale along the extra dimension [3]. Furthermore, the
bulk massive gravitons are responsible for a small correction to the Newtonian potential of order
O(r−2) [8]. Thenceforth, several works were carried out enhancing the RS models, such as proving
the stability of the geometrical solution [9], providing a physical source for the geometry [10–14],
allowing the Standard Model fields to propagate in the bulk [15–17], and extending the model to
higher dimensions [18–21].
The extension of the RS models to six dimensions with an axial symmetry was proposed by
Gherghetta and Shaposhnikov (GS) in the Ref. [21], wherein the transverse manifold is a circle. In
the AdS6 GS string-like scenario, the problem of mass hierarchy is solved without any requirement
of fine tuning between the bulk cosmological constant and the brane tension [21]. Furthermore, the
Kaluza-Klein (KK) excitations generate corrections to the Newtonian potential of order O(r−3).
Moreover, the string-like models has the advantage of trapping free gauge fields [22] and minimally
coupled Dirac fermions [23]. Besides, in the Lorentz invariance violation context, the string-like
defect with a bulk dependent cosmological constant can yield a massless four-dimensional graviton
[24], which is not possible in the thin 5D model [25].
Although the thin string-like model has prominent advantages over the domain-wall models,
it does not satisfy all the regularity conditions inside the core of the defect and the dominant
energy condition as well [26]. However, these issues are overcome in the thick string-like models
[27–32]. The transverse manifold possesses its own internal symmetries, which exert influences
on the geometrical and physical properties of the braneworld model [33, 34]. Moreover, the 6D
warped models have other interesting features. For instance, Refs. [34, 35] suggest defects with
two angular extra dimensions, wherein the angular momentum in the transverse space is correlated
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to the three generations of fundamental 4D fermions. Additionally, Ref. [36] uses a single fermion
family in 6D to explain the mass hierarchy of neutrinos.
We work in this paper with an interesting six dimensional braneworld model with axial sym-
metry that uses a section of a resolved conifold (RC) as transverse space. We confine the gravity
in this scenario, and therefore this work complements the previous ones, namely, confinement of
the scalar [31] and matter fields [37]. The resulting scenario has a parameter a which controls the
singularity on the tip of the cone (see Ref. [37] and references therein). Moreover, the geometric
flow provided by the resolution parameter changes the properties of the analogue quantum poten-
tial for the KK massive states. An important issue in the thick string-like braneworld scenarios
concerns with the core of the brane, which has its maximum displaced from the origin [27, 30–32].
Such quality is due to the influence of the geometric flow in the physics of the brane [30].
In this article, we are interested in study the gravity localization on a 3-brane placed in a
transverse warped resolved conifold. We derive a general expression for the correction in the
Newtonian gravitation potential due to the graviton KK states in a thick string-like braneworld
scenario. Furthermore, we use suitable numerical techniques to attain the graviton spectrum and
the corresponding eigenfunctions. With the eigensolutions in hands, we were able to analyse the
influence of the parameters of the model in the correction of the gravitational potential.
II. BULK GEOMETRY AND PHYSICAL PROPERTIES
In this section, we will present a brief review of the most important geometric and physical
properties of the resolved conifold (RC) braneworld model. The action for a 6D spacetime can be
denoted as [22]
S6 =
∫
M6
(
1
2κ6
R− Λ + Lm
)√−g d6x . (1)
Here, κ6 = 8piGN = 8pi/M6
4, where GN is the gravitational constant and M6 is the six-dimensional
bulk Planck mass. Moreover, Lm is the matter Lagrangian for the source of the geometry and the
bulk cosmological constant Λ has dimension [Λ] = L−6 = M6. From this action, the 6D Einstein
equations are obtained as follows:
RAB − R
2
gAB = −κ6(ΛgAB + TAB) . (2)
Now, consider a static and axisymmetric warped metric between the 3-brane M4 and the transverse
space given by [21]
ds6
2 = σ(ρ)ηµν(x
ζ)dxµdxν + dρ2 + γ(ρ)dθ2 , (3)
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where σ(ρ) is the so-called warp function, xζ are on-brane coordinates and (ρ, θ) are coordinates of
the transverse manifold. The metric has axial symmetry, so that, r ∈ [0,∞) and θ ∈ [0, 2pi]. The
function γ(ρ) is an angular warp factor with dimension L2. Besides, we adopt the sign convention
for the Minkowski metric as ηµν = diag(−,+,+,+).
Furthermore, an axisymmetric ansatz for the energy-momentum tensor may be considered as
TMN = tMδ
M
N [21, 22], which together the metric ansatz (3), leads the energy density to the form
[21, 22, 30]
t0(ρ) = − 1
κ6
[
3
2
(
σ′
σ
)′
+
3
2
(
σ′
σ
)2
+
1
2
(
γ′
γ
)′
− 1
4
(
γ′
γ
)2
+
3
4
σ′
σ
γ′
γ
]
− Λ , (4a)
tr(ρ) = − 1
κ6
[
3
2
(
σ′
σ
)2
+
σ′
σ
γ′
γ
]
− Λ , (4b)
tθ(ρ) = − 1
κ6
[
2
σ′′
σ
+
1
2
(
σ′
σ
)2]
− Λ , (4c)
where the other 4D pressures are equal to energy density t1 = t2 = t3 = t0. Hence, the energy
conditions can be addressed by the analysis of equations (4a), (4b) and (4c). Another important
geometric feature in these models are the so-called regularity conditions, namely [26, 38]
σ(ρ)|ρ=0 = cte , σ′(ρ)|ρ=0= 0 ,
γ(ρ)|ρ=0 = 0 ,
(√
γ(ρ)
)′ ∣∣∣
ρ=0
= cte .
These conditions were also proposed in Ref. [21], where the first 6D thin string-like model was
built, the so-called Gherghetta-Shaposhnikov (GS) model. However, the warp factors of the GS
model do not obey their own conditions imposed, namely
σ(ρ) = e−cρ , γ(ρ) = R02 σ(ρ) . (5)
The parameter c2 = −25κ6Λ can be obtained from the vacuum solution of Eq. (4a) [21], whereas
R0 is an arbitrary length scale constant related to radius of compactification disc [21]. Moreover,
the scalar curvature yields to a pure AdS6 spacetime where R = −152 c2 [21].
On the other hand, in order to solve the regularity issues, some other models were elaborated
such as the Abelian string-vortex [27] and its approximate solution [28], the Hamilton’s string-
cigar and the GS smoothed version [32]. Nevertheless, in this work, we choose the resolved conifold
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(RC) model because this geometry owns a very interesting additional smoothing parameter that
will regulate the corrections to Newton’s law. The RC braneworld uses a 2-section of the resolved
conifold as the transverse manifold [31, 39, 40], instead of the disc of GS model. The following
warp factors are considered
σ(ρ) = e−(cρ− tanh cρ), γ(ρ) =
(
u(ρ, a)2 + 6a2
6
)
σ(ρ) , (6)
where a is the resolution parameter and the dimension length function u, which can regularize the
angular factor, has the form [37]
u(ρ, a) =

ρ , a = 0
−i√6aE
(
arcsin
(
iρ
3a
)
, 23
)
, a 6= 0
(7)
where E represents the elliptic integral of the second kind.
We plot in Fig. 1 the warp factors σ(ρ) and γ(ρ) for c = 1.0 and different values of a. The thin
string case is embedded. The warp function σ(ρ) was first proposed in the string-cigar braneworld
[30]. Note that it recovers the usual thin string-like exponential behavior asymptotically. Moreover,
differently from the thin string-like models, the warp function satisfies all the regularity conditions
at the origin [37]. Therefore, models with this warp function can be realized as a near brane
correction to the thin string-like models [30, 32].
The angular ansatz given in Eq. (6) presents noteworthy features at the origin. Note that
γ(0) = a2, therefore the resolution parameter removes the conical singularity at the origin [30].
Furthermore, for ρ = 0, the 4-brane is a M5 whose metric is ds5
2 = ηµν(x
ζ)dxµdxν + a2dθ2.
Therefore, the geometric flow of the resolved conifold, driven by the resolution parameter, leads to
a dimensional reduction M6 → M5. The string-like dimensional reduction M6 → M4 is achieved
for a = 0. Such features are of substantial relevance in the localization of the spin-1 and spin-1/2
fields [37, 41].
It is important to highlight that in the RC model we can regulate the shape of the energy-
momentum tensor by manipulating the resolution parameter as well as the c parameter (related
to the bulk cosmological constant). This interesting feature is absent in most string-like models,
which have only the c parameter [21, 27, 30, 32]. Before we study the energy-momentum tensor
in Eq. (4a) for the RC warp factors given by Eqs. (6), we present firstly the plot of the energy
density in Fig. 2 for different values of a.
Note that the maximum of the energy density is shifted from the origin. Such feature is fre-
quently observed in thick string-like braneworld models [27, 30, 32]. This displacement in the core
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Figure 1. Warp factors σ(ρ) and γ(ρ) for c = 1.0.
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Figure 2. Energy Density t0(ρ) for different val-
ues of a with c = 1.
peak of the thick branes has important influences in the massive modes of the gravitational [42],
gauge [43], fermionic [41, 44] and exotic elko [45] fields. Note from the Fig. 2 that the position of
the maximum of the energy density has not great variations with the resolution parameter. Despite
of this particular feature, the resolution parameter is of great importance in the mass spectrum,
which has a direct influence on corrections to the gravitational potential as we will present in
details in the Sec. V.
Moreover, in order to analyze the energy conditions, we plot all components of equations (4a),
(4b) and (4c) in Fig. 3 and in Fig. 4, for a = 0 and a = 10, respectively. From these figures it
is observed that all the components of the tensor are always positive and hence the null and the
weak energy conditions hold. Likewise, both the strong energy condition (t0 + tr + tθ ≥ 0) and the
dominant energy condition (t0 ≥ tr and t0 ≥ tθ) are always verified for all cases of the parameter
a. From Fig. 3 we conclude that the dominant energy conditions holds for a = 0, as also verified in
Ref. [27]. Additionally, as can be seen from Fig. 4, for the resolved case the growth of resolution
parameter a decreases continually the shape of density energy. However that decreasing never is
inferior to the value of the angular pressure, reaching the equality only when a→∞. This equality
is verified in models such as the analytical case of topological Abelian string-vortex of Ref. [29],
where the angular regular conditions are not satisfied as well. Although we have no explicit form
for the Lagrangian in the RC action, these peak displacements in the energy-momentum tensor
indicate that may exist a phase transition for the vortex scalar fields regulated by the resolution
parameter. We will back to the discussion of this RC property in 5D scenarios in the Sec. V.
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Figure 3. Energy-momentum tensor components
for non-resolved conifold a = 0 (c = 1.0).
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Figure 4. Energy-momentum tensor components
for resolved conifold a = 10 (c = 1.0).
III. METRIC PERTURBATIONS
We will now study the gravity fluctuations on a 3−brane placed in a transverse resolved coni-
fold (RC). It was shown recently that the scalar, gauge and fermionic fields are trapped in such
braneworld model [31, 37]. Besides, the study of gravity localization is quite relevant since it
provides phenomenology implications [8, 10]. This analysis will be accomplished in the Sec. IV
through corrections in the Newton’s law.
Consider a small perturbation hµν in the background metric in the form
ds6
2 = σ(ρ; c)(ηµν + hµν)dx
µdxν + dρ2 + γ(ρ; c, a)dθ2 . (8)
Imposing the transverse-traceless gauge ∇µhµν = 0, the linearization of the Einstein equations
yields to the following equation for the gravitational perturbation [21, 27, 30]:
∂A(
√−g6 gAB∂Bhµν) = 0 . (9)
Performing the well-known Kaluza-Klein decomposition
hµν(x
ζ , ρ, θ) =
∞∑
n=0
h˜(n)µν (x
ζ)φn(ρ) e
ilθ, (10)
where n and l are integers, the index n labels the mass values and the index l the wave-number.
Imposing the mass condition 4h˜µν(xζ) = m2h˜µν(xζ), the radial modes satisfy the equation
φ′′(ρ) +
(
2
σ′
σ
+
1
2
γ′
γ
)
φ′(ρ) +M2(ρ)σ(ρ)φ(ρ) = 0 , (11)
where the primes denote derivatives with respect to ρ. The factor M2(ρ) =
(
m2 − σ(ρ)γ(ρ) l2
)
is an
effective mass containing orbital angular momentum contributions l.
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Due to the axial symmetry and in order to guarantee the self-adjointness of the differential
operator in Eq. (9), we adopt the following boundary conditions on φm [21, 22, 30, 32]:
φ′n(0) = φ
′
n(∞) = 0 . (12)
Furthermore, these modes satisfy the following orthogonality condition:∫ ∞
0
σ(ρ)
√
γ(ρ)
[
φ∗n1(ρ)φn2(ρ)
]
dρ = δn1n2 . (13)
For M2(ρ) = 0 (gravitational massless mode), a solution for Eq. (11) satisfying the boundary
conditions (12) is a constant φ = φ0 [21]. Hence, from the orthonormality condition (13), we have:
φ0 =
(∫ ∞
0
σ(ρ)
√
γ(ρ) dρ
)− 1
2
. (14)
Since that for both GS and RC models the warp factors are exponentially decreasing, the constant
solutions are finite and hence the zero mode is localized. For the GS model, the solution is
φ0 =
√
3c
2R0
.
For M2(ρ) 6= 0 (massive modes), the differential equation (11) with the warp factors given by
Eq. (6), becomes
φ′′(ρ)−
(
5
2
c tanh2(cρ)− 1
2
u(u2 + 9a2)
1
2
(u2 + 6a2)
3
2
)
φ′(ρ) +
(
m2 − σ(ρ)
γ(ρ)
l2
)
e(cρ−tanh cρ) φ(ρ) = 0 . (15)
In the limit ρ→∞, we have
φ′′(ρ)− 5
2
c φ′(ρ) +m2 e(cρ) φ(ρ) = 0 , (16)
which presents the same form of the GS model [21] for a re-scaled mass m2 → m2/ e. Thus, the thin
string-like behaviour is recovered asymptotically, as expected from thick string-like braneworlds
[30, 32].
Note further that the angular eigenvalue l induces a degeneracy in the mass spectrum. Therefore,
hereinafter we will deal with s-wave solutions. The s-wave solution in the thin limit has the
analytical solution [21]
φm(ρ) = e
(5/4)cρ
[
C1J5/2
(
2m
c
e
cρ
2
)
+ C2Y5/2
(
2m
c
e
cρ
2
)]
, (17)
which diverges. Hence, there are not massive bound states in the resolved conifold braneworld
model, as well.
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IV. CORRECTIONS IN THE NEWTONIAN POTENTIAL
Another approach in the study of the gravitational massive modes consists in turn the Kaluza-
Klein equation (11) into a Schro¨dinger-like one. Such procedure provides the study of the phe-
nomenological implications of the braneworld hypothesis via corrections in the Newton’s law of
gravitation [8, 10]. Here, for the first time, it is obtained an expression for a general thick
braneworld scenario in order to calculate corrections in the Newton’s law.
Hence, the transformation of coordinate z(ρ) =
∫ ρ
0 σ
− 1
2 (ρ′) dρ′ provides a conformally plane
metric as ds6
2 = σ(z)(ηµνdx
µdxν +dz2 +β(z)dθ2), where β(z) = γ(z)/σ(z). Moreover, performing
a change of the dependent variable as
φn(z) = K(z)Ψn(z) , K(z) = σ
−1(z)β−
1
4 (z) , (18)
we turn the Eq. (11) into the following Schro¨dinger-like equation for the Ψn(z) function
− Ψ¨n(z) + U(z)Ψn(z) = mn2 Ψn(z) , (19)
where the dots represent derivatives with respect to the z coordinate and the analogue quantum
potential U(z) has the form
U(z) = W2(z) + W˙(z) , W(z) =
(
σ˙
σ
+
1
4
β˙
β
)
. (20)
Note that the Eq. (19) preserves the analogue supersymmetric quantum mechanics form:[
d
dz
+W(z)
] [
− d
dz
+W(z)
]
Ψ(z) = QQ†Ψ(z) = m2Ψm(z) . (21)
Hence, the absence of tachyonic modes is guaranteed and the stability of the spectrum is ensured.
With the above mentioned changes of variables, the boundary conditions become
Ψ˙(0)
Ψ(0)
= −K˙(0)
K(0)
,
Ψ˙(∞)
Ψ(∞) = −
K˙(∞)
K(∞) . (22)
The orthogonal condition is modified to∫ ∞
0
Ψ∗mi(z)Ψmj (z)dz = δij . (23)
It is important to mention that the gravitational zero-mode must reproduce the four-dimensional
gravity on the brane [8, 10]. Hence, the solution for m = 0 of the Eq. (19) is
Ψ0(z) = Cσ(z)β
1
4 (z) , (24)
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Figure 5. Gravitational massless mode in the resolved conifold braneworld. The thin string-like case is
embedded. We set c = 1.
where C is a normalization constant. For the GS model, the zero mode in the z variable is
analytically evaluated as
Ψ0(z) =
√
24
c3
(
z +
2
c
)−2
. (25)
We remark here also that the gravitational zero mode is always non-singular and normalizable
for all values of the resolution parameter, as showed in Fig. 5. Moreover, the massless solution
shares similar profile with the energy density due to the core peak displaced from the origin for
small values of a. Such property was also observed in the string-cigar braneworld [30, 42] and
in the Abelian-vortex braneworld [27]. For great values of the resolution parameter, the graviton
zero mode has its peak at the origin. This is in accordance with the GS thin-string model [21],
in the Bounce 6D model [44] and the Torrealba’s string-vortex [28, 29]. This aspect of resolution
parameter influences the corrections to Newton’s Law.
Besides, for m 6= 0, the solutions of Eq. (19) in the GS scenario are given by
Ψm(z) =
√
z +
2
c
[
C1J 5
2
(
mz + 2m/c
)
+ C2Y 5
2
(
mz + 2m/c
)]
, (26)
where C1 and C2 are constants.
We will now verify if the gravitational interactions mediated by the Kaluza-Klein modes are in
agreement with the four-dimensional laws of gravity. For such purpose, we will consider a minimal
coupling of matter to gravity and look for the values of the coupling constants. To compute the
gravitational potential between two point-like particles with masses M1 and M2 on the brane, we
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rewrite the Kaluza-Klein decomposition as
hµν(x
ζ , z, θ) =
1
MPl
2K(z)
∞∑
n=0
h˜(n)µν (x
ζ)Ψn(z) e
ilθ . (27)
Hence, we have the Lagrangian
LM(Φ, g
′
MN ) = LM(Φ, gMN )−
∞∑
n=0
an(z)h˜
(n)
µν (x
ζ)Tµν(xζ), (28)
where the expression of the gravity-matter coupling constants is given by:
an(z) =
1
2MPl
2
Ψn(z) e
ilθ
σ(z)β
1
4 (z)
. (29)
We are now able to compute the static potential generated by the exchange of the zero-mode
and massive KK states. Like in the case of a Yukawa interaction, it is given by
V (r) = − 1
4pi
∞∑
n=0
∣∣∣an(z = z¯)∣∣∣2 e−mnr
r
, (30)
where z¯ is the position of the maximum of the energy density on the z coordinate. Therefore,
on the 3-brane, the gravitational potential between two point masses, M1 and M2, will receive a
Yukawa-like contribution from the discrete nonzero modes as:
V (r) ∼ −GN M1M2
r
(
1 +
∞∑
n>0
Ψ2n(z¯) e
−mnr
σ2(z¯)β
1
2 (z¯)
)
= −GN M1M2
r
[1 + ∆(r)] , (31)
Therefore, we have an expression for general thick braneworld scenario. In order to analyze the
effects of the gravitational Kaluza-Klein modes in the resolved conifold scenario to the Newton’s
law of gravity, we need to compute the mass spectrum and the corresponding eigenfunctions using
suitable numerical methods. This will be accomplished in the next section.
V. NUMERICAL ANALYSIS AND EXPERIMENTAL BOUNDS
In the previous sections we presented the main features of a resolved conifold braneworld model
and the gravity localization in this scenario. Furthermore, a general expression for the correction
in the gravitational potential due to Kaluza-Klein spectrum provided from a six-dimensional thick
braneworld scenario was derived. We are now able to compute this correction due to the resolved
conifold braneworld. Note that the leading quantities in Eq. (31) are the masses mn and the wave
functions Ψn(z) which are eigensolutions of the eigenvalue problems (15) and (19). However, due
to the involved form of the Eq. (15), such quantities can not be obtained analytically. Then, we
have used suitable numerical method to solve these Sturm-Liouville problems.
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We have used the matrix method [46] based in finite difference schemes with second order
truncation error to solve the Sturm-Liouville problem (15). The matrix method is a numerical
technique used to approximate the first eigenvalues and eigenfunctions of Sturm-Liouville problems.
Indeed, in braneworld models, only the small masses are of physical interest, favouring us the use
of the finite differences methods. This technique was used in the braneworld context to attain the
massive spectrum in five [47, 48] and six dimensions [41–43].
Here we are interested in to study the effects of the Kaluza-Klein tower in terms of the resolution
parameter a, since the parameter related to the geometric flow c acts as an energy scale [41–43].
Then, we solved the Eq. (15) for different values of the resolution parameter a and holding c = 1.0
fixed. We discretized the domain ρ ∈ [0.0, 8.0] with N = 1 600 subdivisions, in order that the
constant stepsize is obtained as h = 0.005.
We plot the first twenty mass eigenvalues in Fig. 6. The spectrum is real and monotonically
increasing, as expected. Note that, as the resolution parameter increases, the spectrum enhances
in magnitude and the spacing between the masses enlarges. Note further that the masses exceed
the limit of m = 1.0 for high values of a, and belong to a transplanckian regime (remember that
mn  c = 1.0 [8, 10, 21, 22]). Thus, the resolution parameter must assume moderate values to
have physically acceptable states.
With the mass eigenvalues in hands, we solve the Schro¨dinger-like equation (19) with the po-
tential function (20) for the eigenvalues obtained previously. Such procedure was also followed in
a sophisticated five-dimensional braneworld scenario called, hybrid brane [47]. Since the transfor-
mation of coordinates z(ρ) has no analytical expression for the warp factor in Eq. (6), a numerical
0 5 10 15 20
n
0.0
0.5
1.0
1.5
2.0
2.5
m
n
a = 0.0
a = 0.5
a = 1.0
a = 5.0
a = 9.0
Figure 6. Gravitational Kaluza-Klein spectrum for different values of the resolution parameter a and c = 1.
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approximation was necessary to construct the analogue quantum potential. After a numerical
quadrature of z(ρ) for the warp factor σ(ρ), we were able to compute the functions σ(z) and β(z)
using cubic spline interpolation. Then, a numerical approximation for U(z) was possible.
We plot the analogue quantum potential U(z) for the resolved conifold in Fig. 7 for different
values of a and for c = 1.0. The thin string-like case is embedded. In the new coordinate z, the
domain is stretched to z ∈ [0, 65]. Note that the resolution parameter removes the singularity at
the origin for the RC model. Such feature was also verified in the case of scalar and matter fields
[37]. For a = 0, the analogue quantum potential has a singularity at the origin. Such behaviour is
also found in the string-cigar model [30]. Moreover, the depth of the potential well and the height
of barrier are smoothed by the resolution parameter with a 6= 0, which has no major changes for
a > 5.0.
In order to analyze how the resolution parameter affects the gravity phenomenology of the
resolved conifold braneworld, we solved the Schro¨dinger-like equation using the Numerov algorithm
[49] with the mass eigenvalues obtained previously as solution of the Sturm-Liouville problem
(11). We plot in Figs. 8 and 9 the numerical solutions for a = 0 and a = 0.5, respectively,
for different mass eigenvalues. A noteworthy result concerns to the seventh wavefunction for
the singular conifold (a = 0), which has a resonant profile (massive wavefunctions having large
amplitude near the brane [50]). The mass of this particular state is m7 = 0.351145, which is in
accordance with the limit that a resonant mass must be m2 < max(U) [10, 51]. In the present
1 2 3 4 5
z
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−0.5
0.0
0.5
1.0
1.5
U
(z
)
a = 0.0
a = 0.5
a = 1.0
a = 5.0
UGS
Figure 7. Analogue quantum potential for the gravitons in the Resolved Conifold braneworld scenario. The
thin string-like case UGS(z) is embedded. We set c = 1.
13
case,
√
max(U) = 0.444009. It is important to mention that graviton resonant states were also
found in another thick string-like brane scenario with conical singularity, the string-cigar model
[42]. Furthermore, the resolved case does not present resonant modes. We have solved the radial
equations for several values of a.
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Figure 8. Normalized graviton wavefunctions for
the Conifold braneworld scenario (a = 0) and
c = 1. The seventh eigenstate has a resonant
profile.
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Figure 9. Normalized graviton wavefunctions for
the Resolved Conifold braneworld scenario (a 6=
0) and c = 1.
This behaviour involving the existence or not of resonance for a variation in the parameter
a, together with the displacement of the maximum in the energy-momentum tensor in Fig. 2,
reminds us about an interesting result presented in the configuration of extra dimension scalar
fields in 5D. In references [52, 53] the localization of various fields are performed in two versions
of sine-Gordon models, namely the usual sine-Gordon version, which has a single kink solution,
and the so-called Double sine-Gordon model, with a double kink solution. As a matter of fact,
a very interesting result is presented in the double sine-Gordon scenario, which can supports a
double-wall structure responsible for a splitting on the matter energy density [52–55]. Moreover,
the double-wall structure allows the arising of resonant KK states, which are not verified in the
single sine-Gordon model [52, 53]. Similar results were also observed in the degenerate Bloch Brane
[54, 55]. On the other hand, for 6D scenarios, an approximate solution to the topological Abelian
string-vortex in six dimensions is proposed in Ref. [29], where the vortex scalar field is a single-
kink solution and the angular regularity conditions are not satisfied. Due to this, the maximum
of energy is not displaced from the origin, the opposite of expected in regular models [27, 30–32].
Further, the shape of the angular pressure is equal to the energy density, as it is denoted in the Fig.
4 for the RC when a→∞. In this point of view, we suspect the case where a = 0 can represents
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a configuration where the scalar field for the string-vortex has a double-kink profile. Regarding
the resolved case, as can be seen in the Fig. 4, the displacement of energy density has a small
decreasing compared to Fig. 3, which it is not verified into the radial pressure. Therefore, the
resolved conifold with a 6= 0 can represent a single-kink solution to the string-vortex.
Since the main quantities that contribute to the corrections in the gravitational potential are
the exponentially suppressed Kaluza-Klein masses and the corresponding eigenfunctions − see
Eq. (31) − it can be seen that the resonant state is the massive mode with largest contribution
to the correction of the Newton’s law of gravitation. Interestingly, in the Ref. [56, 57], a five
dimensional asymmetric brane model exposes a resonant state performing a stronger contribution
to the correction in the Newtonian potential. On the other hand, in the symmetric brane models,
the first eigenstate contributes highly for such correction [10, 47].
From the aforementioned results, we are led to comprehend from Eq. (31) that the n = 7
(resonant eigenstate) is the leading term of the sum for the case where a = 0. Since for a > 0
there is no resonant state, the corrections are very suppressed if compared to the resonant case.
We express this result in Fig. 10, where we note that the corrections are singular at origin when
a = 0, similar to that obtained analytically for the RS model (∆(r) ≈ (cr)−2 [8, 10, 59–65]) and to
the GS model (∆(r) ≈ (cr)−3 [21, 28, 58]). However, the corrections has a non-singular value at
origin for a 6= 0, which resembles the single Yukawa-Like coupling ∆(r) ≈ α e− rλ (where α and λ
are regulate parameters) presented in references [66–71]. Therefore, we also compare our numerical
results for a = 0 with the GS model and RS model showed in Fig. 11, where we note that the RC
model for a = 0 has a correction similar to RS model close to the origin, but has a slower decay
when r →∞. Additionally, it is worthwhile to mention that the graviton exchange was computed
near the point where the energy of the brane is maximum, namely z˜, which varies little with the
changes in the a parameter.
Moreover, the corrected Newtonian potential, V (r), is presented in Fig. 12 with different values
for the parameter a. We note one more time that the correction performed by resonant state of
a = 0 is more expressive than the non-resonant case. In all cases, the corrections are exponentially
suppressed, and the gravitational potential is slightly increased only for short distances.
Furthermore, in order to set bounds to RC model parameters, we can use the constraints of the
solution to hierarchy problem in 6D [21]
M2p = 2piM
4
6
∫ ∞
0
dρσ(ρ)
√
γ(ρ) , (32)
where Mp ∼ 1019 GeV and M46 ∼ 103 GeV are the four dimensional and the bulk (six dimensional)
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Planck scale, respectively [3, 21].
We must first analyze this result for the analytic GS model, applying the warp factors of Eq.
(5) into Eq. (32). So, the relation which solves the hierarchy problem reads(
Mp
M26
)2
=
4pi
3
R0
c
. (33)
Alternatively, for the Randall-Sundrum model this hierarchy is explained by the relation cL ∼ 35,
where L = pirc is the distance between branes [3, 63]. Therefore, the range to c is very wide [3, 29],
from a few eV [62] until close to the Planck scale [63].
Finally, for the RC model we can estimate c ∼ 10−13 (or 106 GeV) by numerically solving the
hierarchy problem in Eq. (32) for the non-resolved case of RC in Eq. (6) and Eq. (7). Hence,
using this result for the GS in Eq. (33), we find that R0 ∼ 1013 Planck lengths (or 10−22 m), which
agrees with the bounds set for the correction to Coulomb’s Law on the 6D string-vortex model
[29]. Similarly, for the resolved case we can choose c ∼ 107 GeV for a ∼ 10−22 m and c ∼ 108 GeV
for a ∼ 10−21 m, among many other combinations in order to satisfy the hierarchy of equation
(32).
It is worthwhile to mention that, from another point of view, the proposition of a short range
Yukawa type potential to describe the deviations from Newton’s law of gravitation is widely adopted
in the literature [66–71]. Among many other references, we can cite initially a theoretical ap-
proach to foresee the corrections to the gravitational force by experiments based on the light and
microwave solar deflection during total solar eclipses [68]. The gravitational microlensing obser-
vations in the force acting on photons[69] and the use of three torsion-balance experiments in a
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Figure 10. ∆(r): Corrections to Newton’s po-
tential in the RC model with a = 0, a = 1.0 and
a = 5.0 (c = 1).
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Figure 11. ∆(r): Corrections to Newton’s po-
tential in the RC for a = 0 compared to GS and
RS models (c = 1).
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non-warped extra-dimensional scenario [70] are other approaches. This issue is also treated in a
wide range of extensions of general relativity (GR) including f(R) theories [71]. Furthermore, in
Randall-Sundrum model scenarios, the Ref. [59] study high order corretion to Newton’s law and
some other variations in gravitational force in the 5D models are presented in Refs. [60–62]. On
the other hand, supersymmetric aspects are considered in RS-like models and its implications to
Newtonian potential in Ref. [65]. Finally, the Ref. [66] brings a good updated review of sev-
eral experiments of corrections to the Newton’s law and its respective limits of parameters and
experimental restrictions.
VI. CONCLUSIONS AND PERSPECTIVES
In this work we have studied the gravity fluctuations in a brane placed at a transverse warped
resolved conifold (RC). The RC model is a thick string-like braneworld model, whose transverse
space is a 2-section of a resolved conifold. Such brane model traps the scalar [31], gauge [37] and
fermionic fields. In this work we show that the RC braneworld also traps the gravitational field. The
RC model has a parameter a, called resolution parameter, which removes the conical singularity.
This parameter has strong influences in the geometric and physical properties of the model [31, 37].
We therefore, studied the effects of the resolution parameter in the phenomenological implications
of the resolved conifold model via small deviations in the Newtoninan potential. We derived a
general expression for the correction in the gravitational potential between two point-like sources
of mass due to the gravitational Kaluza-Klein (KK) states in a thick string-like braneworld. The
correction has an exponentially suppressed mass term.
Newton
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Figure 12. ∆(r): Corrected Newton’s potential for RC model with a = 0, a = 1 and a = 5 (c = 1). The
curve marked as Newton denotes the non-corrected potential.
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The massless mode, which is responsible to reproduce the four-dimensional gravity, is trapped
at the brane and is non-singular and normalizable for all the values of the resolution parameter.
Moreover, the massless mode is displaced from the origin sharing similar profile with the energy
density of the brane.
Using suitable numerical methods, we attained the mass spectrum of the KK graviton. The
spectrum is real and monotonically increasing, as expected. However, as the resolution parameter
increases, the spectrum enhances in magnitude so that for high values of a, the masses belong to
a transplanckian regime. Thus, the resolution parameter must assume moderate values to have
physically acceptable states. We also computed the analogue quantum potential. The resolution
parameter removes the singularity of the potential at the origin. Nonetheless, for high values of a
the potential well has not significant changes.
We solved numerically the Schro¨dinger-like equation for the analogue quantum potential using
the mass eigenvalues for several values of the resolution parameter. For a = 0 (singular conifold)
we found a resonant mode which is the seventh eigenstate. However, for a 6= 0 (resolved conifold),
we have not found resonant states. Since the value of the wavefunction at the core peak of the
brane is the quantity which is used to compute the correction in the gravitational potential, the
resonant state is the major contributor to this correction. A noteworthy result is that a highly
excited state is the responsible for the correction in the Newtonian potential rather than the first
eigenstate.
We present results for a fixed energy scale for the mass m c = 1.0, such that the resolution
parameter a should preferably be smaller than one to have physically acceptable states. Similar
results were obtained for different values of c. Moreover, we set experimental bounds to both
parameter c and a, based in the resolution of the hierarchy problem, which we can adjust to
current experimental data. Motivated by this peculiar result, we intend for future works, to study
the phenomenological consequences of the resolved conifold in the context of the Configurational
Entropy [72, 73], computing bounds in the resolution parameter. Moreover, we will study the
correction to Coulomb’s Law [74, 75] in thick string-like six dimensional scenarios.
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